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This study explored the mental constructions displayed by pre-service mathematics teachers (PMTs) when applying Cramer’s 
rule. The aim was to reveal the character of mental constructions made around the nature of the solution set of equations and 
the role of parameters in the solution of equations with parametric coefficients. These mental constructions occur within the 
Action-Process-Object-Schema (APOS) theory. In this study, data was generated from 31 first year pre-service teachers by 
means of an activity sheet and interviews. The interviews were used to clarify pre-service teachers’ responses to tasks from 
the activity sheet. The findings revealed that many PMTs displayed procedural understanding of Cramer’s rule. It was also 
found that they understood what the solution of system of linear equations means. This meant that they were operating at the 
action stage, in terms of APOS. Additionally, it revealed that the lack of construction of related schemata negatively impacted 
the PMTs’ attempt to construct the necessary mental constructions. Therefore, the researchers provided the genetic 
decomposition (GD) for the use of Cramer’s rule to assist teacher educators to analyse the mental constructions of students. 
This study explored a new application of APOS theory. Analysing the mental constructions of students by means of research 
is intended to assist in designing alternative teaching strategies. In this way, this study makes a significant contribution to the 
solution of system of equations pedagogy. 
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Introduction 
The knowledge of school mathematics forms a basis for many mathematical topics at undergraduate level. School 
mathematical knowledge becomes a prerequisite for students to construct coherent frameworks of schemas of the 
topics they come across at undergraduate level. A particular prerequisite of knowledge needed is the ability to 
compute (add, subtract, multiply and divide) numbers fluently, and to represent functions algebraically and 
graphically (Welder, 2006:1). The development of a computation schema is important for the development of 
other related concepts, such as matrix algebra. Moreover, the development of a function schema is important for 
the schema development of the solution of a system of equations (Trigueros, Oktaç & Manzanero, 2007:2361). 
Evidently, the study by Kazunga and Bansilal (2017) shows that students who displayed prerequisite knowledge 
of basic algebra could interiorise a matrix operation into a process. In addition, constructing meaning from 
procedural methods of solving systems of two equations in two unknowns at school level (2 × 2) is important for 
understanding the methods of solving a finite number of linear equations consisting of three or more unknowns. 
In South Africa, learners encounter a system with two linear equations at Grade Eight. From this level, up to 
Grade 12, learners learn two methods (elimination and substitution) of solving a 2 × 2 system of linear equations. 
At undergraduate level, first year PMTs are expected to generalise school knowledge of solving 2 × 2 systems of 
linear equations, to solving n x n systems where n ≥ 3. The introduction of methods such as Cramer’s rule and 
matrix techniques, aims to extend PMTs’ school knowledge of the solution of system of equations beyond a 2 × 2 
system, with unique solution, no solution or infinite number of solutions to 𝑛 × 𝑛 system of equations. 
There is broad agreement in literature that our mental structures or schemas are a key determinant of the 
level of progress we can achieve in the learning of mathematics (Hong, Thomas & Kwon, 2000). This assumption 
suggests that having fully developed schemas of any mathematical concept would provide opportunities to make 
connections between mathematical concepts in the same or unfamiliar contexts. In addition, Hong et al. (2000) 
have suggested that prior to any pedagogical strategies being considered, the particular concepts that give students 
difficulty should be analysed empirically. This is to determine the specific mental constructions that a student 
might make to understand those concepts. Thereafter, “pedagogical strategies need to be developed for students 
to make the necessary constructions and use them to solve problems” (Dubinsky, 1997:6). Along these lines of 
thought, the purpose of this study was to analyse and reveal the nature of first year PMTs’ mental constructions 
of solving the system of linear equations with parametric coefficients by using Cramer’s rule. We also explored 
the difficulties associated with their inability to make the necessary mental constructions. We have already 
explored students’ mental constructions of matrices and determinants (Ndlovu & Brijlall, 2015, 2016). Therefore, 
we now asked the following research question: What insight does an APOS analysis reveal about pre-service 
mathematics teachers’ mental constructions about the nature of the solution of a system when using Cramer’s 
rule? The findings of the study have significant pedagogical implications for PMTs, hence teacher development. 
We should be mindful of the fact that teachers’ actions in classrooms and lecture-rooms have direct consequences 
on effective learning by students entering the fields of engineering, medicine and commerce. These are vital fields 
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of human resource production that may stimulate the 
economies of emerging markets. All these fields of 
study require the knowledge and procedures of 
matrix algebra and Cramer’s rule. 
 
Knowledge Construction of the System of Linear 
Equations and the Application of Cramer’s Rule 
One of the important aspects involved in the practice 
and understanding of mathematics is the ability to 
make connections between concepts and the ability 
to identify mathematical properties that underlie and 
describe why a particular method of obtaining the 
answer was successful (Brijlall & Ndlovu, 2013:16; 
Usiskin, 2015). The ability to make connections 
eradicates the external view of mathematics i.e., 
seeing mathematics as disjointed and learning 
concepts as isolated facts. Instead, it promotes the 
view of mathematics as a human activity in which 
concepts are integrated and reconstructed to make 
meaning (Jojo, Maharaj & Brijlall, 2013). For 
example, the understanding of a system of linear 
equations is embedded in the understanding of 
several related concepts such as sets, functions, 
equality, and vector space (Trigueros et al., 
2007:2361). Nogueira de Lima and Tall (2008:6) 
pointed out that the arithmetic algebra played a 
dominant role in the solution of the system of 
equations, where the schema development of 
arithmetic algebra is necessary for the 
conceptualisation of application techniques used in 
the solution of system of linear equations. For 
instance, to understand the application of Cramer’s 
rule, PMT need to have fully developed schema of 
determinants and matrices, as well as basic algebra. 
The same was argued by Habgood and Arel 
(2012:98), namely that accuracies of the solution of 
system of equations using Cramer’s rule depend on 
the methods used to obtain determinants, and that 
complexities of Cramer’s rule depend exclusively on 
the determinant calculations. In addition, 
Egodawatte (2009) has reasoned that for students to 
develop an understanding of the solution of a system 
of equations, they first need to construct a schema of 
variables. The above arguments emphasised that for 
students to construct conceptual understanding of 
the solution of a system of equations, they need to 
conceptualise the techniques used in solving the 
system and other related concepts. 
 
Students’ Difficulties with Knowledge Construction 
of System of Linear Equations 
The knowledge pertaining to a solution of system of 
linear equations is important because it increases the 
ability to visualise, describe, and analyse a situation 
in mathematical terms. Although equations have an 
important place in the mathematics curriculum, 
students find them difficult to understand. Trigueros 
et al. (2007) conducted a study using APOS theory, 
exploring the difficulties students have with 
understanding the solution of a finite system of 
linear equations. The findings showed that the lack 
of previous knowledge seems to interfere severely 
with their potential to make the requisite 
constructions needed to understand new abstract 
concepts. The study by DeVries and Arnon 
(2004:58) revealed that the overreliance on 
memorised rules seems to be the root-cause of 
students’ difficulties. Likewise, Cutz and Kantún 
(2005) found that students have difficulties 
understanding the concept of the solution to a system 
of equations. Dogan-Dunlap’s (2010) findings about 
students’ lack of conceptualisation of linear algebra 
concepts revealed that it mainly emanates from their 
incorrectly constructed previous schemas. 
Furthermore, some studies revealed that students, 
both at school and at undergraduate level, do not 
construct meaning from the algorithms they use 
(Brijlall & Ndlovu, 2013; DeVries & Arnon, 2004; 
Maharaj, 2014; Ndlovu & Brijlall, 2015, 2016). The 
evidence from the literature cited herein reveals that 
students’ difficulties with a system of linear 
equations may vary. However, most students 
harbour a superficial understanding of the required 
concepts, as well as a limited understanding of the 
application of techniques used to determine the 
solution. 
The aforementioned studies focus on the 
difficulties related to students’ understanding of the 
solution of a system of equations, however, there is 
a lacuna in the literature when it comes to analysing 
students’ construction of the techniques used to 
determine the solution of the system of equations. 
Very few studies focus on the use of Cramer’s rule 
in describing the nature of solution/s to a system of 
linear equations. To this extent, no APOS study has 
been carried out on the role of parameters on a 
system of linear equations with parametric 
coefficients. This study explores these two areas of 
concern. In this study, Cramer’s rule was considered 
an appropriate method to enhance PMTs’ 
understanding of the solution of a system of 
equation, since it is an extension of the algorithms of 
solving a 2 × 2 system of linear equations learnt at 
school. Moreover, the application of Cramer’s rule 
to solve a system of linear equations allows for the 
integration of other concepts, such as matrices and 
determinants. 
 
Framework Underpinning the Study 
This study employed APOS theory to describe and 
analyse PMTs’ mental constructions of application 
of Cramer’s rule. The aim of applying APOS theory 
was to reveal PMTs’ mental constructions, and not 
to provide a comparison of performances. APOS 
theory is a theory of how mathematical concepts can 
be learned. In our study, the PMTs are future 
mathematics teachers and they themselves are 
currently learning mathematics. In particular, their 
learning of linear algebra concepts needs to be 
understood by us (teacher educators). Since APOS 
theory focuses on models of what might be going on 
 South African Journal of Education, Volume 39, Number 1, February 2019 3 
 
in the minds of these PMTs, we thought that this 
theory would be ideal to employ in our study. We 
have used the ideas emanating from APOS theory to 
formulate a GD, which is provided as a 
recommendation for future teaching and research. 
The researchers describe the four stages of learning 
a mathematical concept that is used in APOS theory 
for a clear understanding of the analysis of results. 
The description of the respective concepts of 
‘action,’ ‘process,’ ‘object’ and ‘schema’ used in 
this study are found in Arnon, Cottrill, Dubinsky, 
Oktaç, Fuentes, Trigueros and Weller (2014:19–25). 
 
Action 
An action “… is [an] externally directed 
transformation of a previously conceived object(s). 
It is external in the sense that each step of the 
transformation needs to be performed explicitly and 
guided by instructions, each step cannot yet be 
imagined and none can be skipped” (Arnon et al., 
2014:19). An example of this (from the given tasks) 
is when a student was given a system of 𝑛 ×
𝑚 equations, and was asked whether the system can 
be solved using Cramer’s rule. At an action level, the 
student would undertake a step-by-step procedure of 
solving the system using Cramer’s rule, before 
attempting to answer the question. Alternatively, the 
student would guess the answer with no explanation. 
Another example is to consider a system of 
equations with literal coefficients. At an action level, 
students will substitute these coefficients with 
numerals before applying Cramer’s rule, or before 
deciding whether the solution exists or not. 
 
Process 
Arnon et al. (2014:21) note that “As actions are 
repeated and reflected upon, the individual moves 
from relying on external cues to having internal 
control over them. This is characterised by an ability 
to imagine carrying out the steps without necessarily 
having to perform each one explicitly.” An example 
of this stage (from the tasks), occurs if the student 
predicts the outcome, and provides a clear 
explanation in relation to the application of 
Cramer’s rule. An individual is able to imagine the 
structure of a system of linear equations, to which 
Cramer’s rule can be applied. 
 
Object 
Arnon et al. (2014:21) note that “This occurs when 
an individual applies an action to a process that sees 
a dynamic structure as a static one to which actions 
can be applied.” At this stage, a student can describe 
how a given solution appears, multi-represent and 
interpret it. In addition, consider a system 𝐴𝑥 = 𝑏, 
such that |𝐴| ≠ 0. When a student can perform 
actions on |𝐴| to find the values of the literal 
coefficient that makes the system inconsistent, we 
say the object understanding has developed. 
 
Schema 
Arnon et al. (2014:25) write that “schemas are 
structures that contain the descriptions, organisation, 
and exemplifications of the mental structures that an 
individual has constructed regarding a mathematical 
concept.” A schema is an individual’s collection of 
actions, processes, objects, and other schemas, 
which are linked by some general principles to form 
a framework in the individual’s mind that may be 
brought to bear upon a problem situation involving 
that concept. If an individual is asked to determine 
the solution of a system using Cramer’s rule, at this 
stage of learning, the individual will bring together 
various mental constructions and other schemas to 
address this task; such as the process conception of 
the determinant, matrix schema, schema of other 
related algorithms, and a schema for basic algebra. 
The basic algebra schema would have developed 
during the learning of school mathematics. It ought 
to include the process conceptions of operations 
involving real numbers, relating the system of linear 
equations to the structure of the solution, relating 
solution structure to the algorithms, as well as 
relating symbolic to geometric representation. 
 
Methodology 
We adopted a case study design involving a group 
of pre-service mathematics teachers in their first 
year of study. In the case study, the main assumption 
is that the phenomenon is investigated as a bounded 
system. This system may be a group of people 
(Creswell, 2007). In our case, the bounded system 
was a group of PMTs participating in an activity 
around Cramer’s rule in a linear algebra course for 
PMTs. Since our study involved a small group of 
PMTs the results cannot be generalised. A case 
study was considered appropriate since the aim was 
to gain an in-depth understanding of pre-service 
teachers’ mental constructions of Cramer’s rule, as 
one of the tools to solve systems of equations. 
Although, at the initial stage, the analysis of the 
response could be categorised as statistical, the data 
presented here is mainly qualitative. Thirty-one 
PMTs participated in the study. During lecture 
times, PMTs were taught the application of 
Cramer’s rule to solve a system of linear equations. 
This section was taught over four lecture periods of 
45 minutes each. A subsequent homework task was 
followed by a 90-minute tutorial session, in which 
students had to individually work on an activity 
sheet. Group and class discussions would then 
follow. Once the activity sheets were analysed, 
themes emerged which helped the researchers to 
categorise the responses, and interviews followed to 
verify what transpired in the written responses. 
 
Validity and Reliability 
According to Cohen, Manion and Morrison 
(2007:149), “reliability in qualitative research can 
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be regarded as between what researchers record as 
data and what actually occurs in the natural setting 
that is being researched.” In our study, the PMTs 
were taught, and responded to the research 
instruments in the lecture rooms. Creswell (2007) 
maintains that reliability can be addressed in several 
ways in qualitative research, such as obtaining 
detailed field notes, and employing good quality 
tape for recording and transcribing. This study uses 
interviews as one of the data collection methods, 
which were tape recorded and transcribed to ensure 
reliability. In qualitative methodologies reliability 
includes fidelity to real life, context and situation, 
specificity, authenticity, comprehensiveness and 
meaningfulness to the respondents (Cohen et al., 
2007). The PMTs in our study were assured that the 
data collected would not be divulged to anyone, 
except university structures, and it would be kept 
safely by the university. If participants elected to 
read the information before it was made public, they 
would be free to do so. This would also increase the 
trustworthiness of the study. The activity worksheets 
have been used in the pilot study. The aim was to 
test the instrument to ensure that it generated the 
required data. This study addressed the issue of 
reliability and trustworthiness through triangulation 
of data collection methods. Data was collected using 
different methods, namely, individual written 
responses, classroom discussion, interviews to 
verify the written responses, and researcher 




The focus of the research was to understand the 
nature of the mental constructions made by PMTs 
when solving the system of equations using 
Cramer’s rule. The structures APO (Action-Process-
Object), as explained in APOS theory, assisted in 
determining appropriate categories by means of 
which to understand the mental constructions made. 
APO, together with Table 1, provided a means to 
carry the analysis of students’ responses. 
 
Table 1 Observable elements associated with students’ responses 
Item 1: Consider the system of equations below and answer the questions that follow. Can this system of linear equations be 
solved using Cramer’s rule? If yes - solve it, if not explain why. 
 
Concept/ 
skill Level of conceptualisation 
Observable elements associated with each 
conceptualisation No of responses 
Application of 
Cramer’s rule 
Action A student answering “yes/no” indicates two 
possibilities, where “yes” would indicate that student 
would have attempted the procedural steps of 
Cramer’s rule, but could not complete the process of 
solving the system. “No” without explanation/unclear 
explanation would indicate that a student realised that 
the given system is not a square system, but cannot 
explain why the rule cannot be applied in such 
systems. These students would have identified the 
order, related the system to the matrix, and applied 
Cramer’s rule to a certain extent, but were not able to 
predict the outcome. 
22 
Process If the student answered “no” and provided a clear 
explanation of why the system cannot be solved 
without first attempting to carry out the procedures, 
this indicates that the action has been interiorised. The 
student has the conception of the determinant and of 
the matrix as the representation of the system. 
Therefore, the student mentally identifies the order. 
The process of coordinating the evaluation of 
determinant and type of system yielded the results 
showing that in this scenario, the system has no 
solution. 
9 
Item 2a: Use Cramer’s rule to solve the system of linear equations for 𝑥 and 𝑦 
 
Concept/ 
skill Level of conceptualisation  
Observable elements associated with each 
conceptualisation No of responses 
2x + y- z = 3
x + y+ z =1
x - 2y-3z = 4












Action The step-by-step application of Cramer’s rule to solve 
the system of equations is performed. However, the 
meaning of the solution is not constructed. The 
student substitutes the parametric coefficient with 
numerals, and does the step-by-step procedures, 
applying Cramer’s rule. In this example, the 
understanding of the application of Cramer’s rule is 
based on concrete knowledge. The conceptions of 
variables as a representation of an unknown is 
confused with parametric coefficients. In another 
scenario, the step-by-step procedures are carried out 
in terms of the parametric coefficients, but the 
solution is not determined, due to inaccuracy in 
carrying out procedures. 
14 
Process The action of constructing the matrix is interiorised, 
where the student worked out the determinants of the 
coefficient without constructing the matrix first. The 
process of applying Cramer’s rule to solve the system 
in abstract form is executed with accuracy. The 
student has coordinated the process of evaluating 
determinants, and the application of Cramer’s rule to 
construct the meaning of solution of the given system. 
The conception of the variables as unknown and the 
parametric coefficient as constant is understood. 
Students construct the coefficient matrix. 
5 
Object A student can multi-represent the solution 
geometrically. In this system 𝐴𝑥 = 𝑏, |𝐴𝑖| ≠ 0, |𝐴|  is 
conceptualised as an object which can be divided. The 
students perform such action to construct the meaning 
of the solution and explain the meaning of the 
solution in relation to Cramer’s rule. Integration of 
related schemas is evident in the process of 
determining the solution. 
8 
Item 2b: For which, value(s) of 𝑘 will the system be inconsistent? 
Concept/ 
skill Level of conceptualisation  
Observable elements associated with each 
conceptualisation No of responses 
Meaning of 
the solution 
Process The process conception of the determinant is 
coordinated with the application of Cramer’s rule and 
the type of solutions that the system can generate. The 
possibility to substitute different values to determine 
the value of 𝑘 can be done on the system itself, but 
doing it on the determinant reveals the understanding 
that in Cramer’s rule, a system has the possibility to 
be consistent|𝐴 ≠ 0|. Performing trial and error in the 
system of equations shows understanding of 
algorithms other than Cramer’s rule. 
5 
Object The student sees |𝐴 = 2𝑘 − 1| as static structure and 
applies necessary actions and processes to determine 
the value of k. 




The activity sheet consisted of two questions, as 
shown in the above table. In this study, the questions 
are presented as items. The categorisation of written 
responses for each of the items is given in Table 2. 
 
Table 2 Analysis of written responses 
Category 
No. of responses per item 
Item 1 Item 2a Item 2b 
Did not attempt the question/provided an incorrect response. 3 4 19 
Provided the correct response with no explanation. 2 14 5 
Provided correct response with incorrect explanation. 17 5 0 
The response is complete and correct. 9 8 7 
 
Item 1 was intended to determine whether the 
PMTs would first check the conditions for the 
application of Cramer’s rule. It was surprising that 
no PMT mentioned that Cramer’s rule cannot be 
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used to solve this system of linear equations 
simultaneously, since there were more equations 
than variables. The analyses of written responses for 
Item 1 revealed that 22 students had difficulties in 
thinking about the solution without solving the 
system. They could not predict the outcome or 
provide a clear explanation as to why it was not 
possible to solve the system using Cramer’s rule. 
They struggled to coordinate their understanding of 
the application of Cramer’s rule and the type of 
solution the system ought to produce. The lack of 
process-conception of the determinant contributed 
to their inability to make connections between the 
type of system, the type of solution and application 
of Cramer’ rule. The findings showed that algorithm 
was instrumentally understood, thus the PMT 
struggled to conceptualise the application of the 
algorithm beyond carrying out procedures. 
Therefore, they could not make the connection 
between the structure of the system of linear 
equation and application of Cramer’s rule. 
Of the 31 participants, nine made connections 
between the system of equations and the application 
of Cramer’s rule, suggesting that they had developed 
the process conception of the application of 
Cramer’s rule. They interpreted the system and 
internally made a connection between the type of 
system and the application of Cramer’s rule, without 
having to perform the step-by-step calculation. Their 
responses showed that the action of constructing the 
coefficient matrix as a representation of the system 
of equations was interiorised. Zinhle and Thabo’s 
written responses showed the evolution of their 
thinking processes about the application of Cramer’s 
rule. Zinhle transformed the system into a 
coefficient matrix (see Extract 1). Her response 
showed that she had interiorised the action into a 
process, because she related the system of linear 
equation to matrix and could explain the matrix 
order. She constructed a coefficient matrix, which 
helped her realise that the given system was a non-
square matrix and that the determinant was 
undefined. The action-conception of the matrix 
order has been interiorised into a process as she 
could relate the matrix order to the application of 
Cramer’s rule, and relate the matrix order to the 
evaluation of determinant. Zinhle coordinated the 
process of verifying the determinant with the 
process of the type of the system to explain the lack 
of possibility of applying Cramer’s rule in the 




Extract 1 Written response to Item 1 
 
Zinhle verbally described the procedures 
needed to solve the system using Cramer’s rule and 
the restrictions thereof without performing each 
step. This meant that she has constructed the 
collection of all the necessary rules and 
understanding of all the procedures (see Extract 2). 
As evident in the written response, the action of 
determining the order has been interiorised, which 
makes it possible for Zinhle to relate the matrix 
structure to linear equation system structure to 
which Cramer’s rule can be applied. A similar case 













Extract 2 Interview response to Item 1 
 
He imagined all the actions internally and the 
constraints associated with the application of 
Cramer’s rule with the purpose of deducing the 
existence/non-existence of a solution to this system 
of linear equations. These findings are included in 
Researcher: Why did you translate the system of the equation into a matrix form? 
Zinhle: In a system of the equation we have the number of equations, which represent the rows, and the 
variables, which represent the columns. It’s just another way of writing it, and it’s easy to see if I can evaluate 
the determinant or not if it’s in a matrix form. 
Researcher: What did you mean by saying the determinant is not defined? 
Zinhle: When solving the system of equations using Cramer’s rule, we first need to determine the determinant 
of the system of equations. If the rows are not equal to the columns, we cannot work the determinant out. It is 
not a square matrix. That is why I say the determinant is undefined. 
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the GD formulated and presented in the 
recommendations section. 
Item 2 was intended to determine whether 
PMTs would solve the parametric system of 
equations, and whether they could explain the 
meaning of the solution in its abstract form. Four 
PMTs did not answer Item 2a. Therefore, their non-
responses were not included in the analysis. 
Similarly, in Item 2b, 10 PMTs did not attempt the 
question, including the four in Item 2a, and nine 












Extract 3 Written response to Item 1 
 
Item 2a considers a typical system of equations 
with a unique solution for 𝑘 ≠
1
2
. In this item, PMTs 
who have cognitively constructed the process of 
applying Cramer’s rule to solve the system of linear 
equations with numerals as co-efficients would be 
able to use that same knowledge to find the solution 
to parametric equations. Secondly, participants with 
the notion of a variable as a mathematical object, and 
process understanding of Cramer’s rule and solution 
set, should be able to solve the given problem. Of 
the 22 students operating at the action stage in Item 
1, four did not attempt Item 2a. While in Item 1 they 
showed action-conception of Cramer’s rule, it seems 
the action-conception had not fully developed 
because they couldn’t carry out the necessary 
procedures to solve the system. Some PMTs 
operating at action level carried the necessary steps, 
but the lack of computational fluency led to incorrect 
answers. Others showed that their knowledge of the 
application of Cramer’s rule and the meaning of the 
solution was limited to concrete system only. This 
was evident since they replaced parameters with 
numerals. During the interview with Thula, he said,  
“There were too many variables so I had to let k be 
a number so I [could] solve for x and y.” 
The response shows that Thula has not constructed 
the difference between variables and literal 
coefficient. The incorrect notion of variables 
prevented Thula from being able to internalise the 
application of Cramer’s rule. 
Another premise with Item 2a was that PMTs 
with the process conception of Item 1 should also 
have the process conception of Item 2a. On the 
contrary, the findings showed that five students – 
seemingly with the process-conception of Cramer’s 
rule in Item 1 – were operating at the action level in 
Item 2a. The findings showed that while some PMTs 
seem to have constructed the process-conception of 
the constraints associated with application of 
Cramer’s rule, their knowledge was characterised by 
memorised facts and not understanding of the 
concept. These findings are included in the GD 
formulated and presented in the Recommendations 
section. The five participants struggled to apply 
Cramer’s rule to parametric equations, thus opting to 
reduce the equation to concrete form. The 
difficulties displayed by these participants are not 
related to the application of Cramer’s rule, but to the 
solution of system of linear equations. At the school 
level, students deal with only concrete systems of 
equations. Therefore, the lack of the development of 
an equation schema and the process understanding 
of the meaning of the solution set made it difficult 
for these PMTs to solve the parametric system. 
Below is an extract showing some students 












Extract 4 Written response to Item 2a 
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This response was categorised at the action 
level. However, in Item 1, Jack’s response showed 
that he had a process conception of Cramer’s rule. 
Jack substituted k with 2 and carried out the 
procedures to solve the system of equations. His 
response showed that the solution set was 
conceptualised in terms of the numerals. While he 
understood the application of Cramer’s rule, his 
understanding of the solution set of a system of 














Extract 5 Interview response to Item 2a 
 
The response showed that Jack’s focus was on 
applying the rule and solve for the unknowns (see 
Extract 4). He has no conception of the meaning of 
the solution set. The findings show that the lack of 
understanding the type of system to which Cramer’s 
rule can be applied did not help participants make 
connections between the rule and solution set. It is 
evident that Jack has the action conception of 
Cramer’s rule, but has not internalised it to 
understand the meaning of the solution set (see 
Extract 5). 
Eight students constructed the necessary 
mental constructions needed for the development of 
an object understanding of the application of the 
solution set. Their responses indicated a coherent 
understanding of the collection of rules and could 

















Extract 6 Thabo’s written response to Item 2a 
 
Thabo’s written response (see Extract 6) 
indicated he had encapsulated the process of 
constructing the coefficient matrix as a 
representation of the system of the equation into 
objects to which certain actions, and other processes 
such as evaluating determinants, were performed. 
Thabo solved the system in its abstract form, thus 
showing the conceptualisation of the rule. He 
encapsulated the parameters as mathematical 
objects. This, we observed, since he generalised his 
knowledge of solving the system of equations to 
unfamiliar contexts, without trying to reduce the 
abstract nature of the problem. This was verified 
through an interview in Extract 7. 
This response had some indicators, which 
showed that Thabo had encapsulated the process 
understanding the solution set because he could 
make connections between the algorithm used, other 
concepts such as determinants, and the type of 
system of equations. The processes constructed were 
coordinated to determine the solution set and 
understand the meaning of the solution in relation to 
the given system. 
 
Researcher: Why did you let k = 2? 
Jack: You see, ma’am, when you have too [many] variables to work with, you tend to confuse numbers. To 
make my life a bit simpler, I used “k” as a number, just an integer. 
Researcher: Okay, so if someone else said let k = 1, would that still be fine? 
Jack: K can be any number. 
Researcher: Does your system of equation to be true? 
Jack: I am not sure. 
Researcher: If you substitute your values of x and y in the system will the system be true? 
Jack: Does it have to? I never checked that. Honestly, I do not know. I can only check it now. 














Extract 7 Interview response to Item 2a 
 
The process conception of Cramer’s rule 
allowed him to encapsulate the meaning of the 
solution to an object level. He could imagine how 
the solution ought to be by analysing the features of 
the system and multi-represent the solution. 
However, this imagination had a shortfall when he 




 for the determinant of the coefficient 







 . So, 𝑘 ≠ 0 𝑎𝑛𝑑 𝑘 ≠ 1 for the 
gradients to be well defined. The gradients of the 
two lines are unequal (for 𝑘 ≠
1
2
 𝑘 ≠ 1 and 𝑘 ≠ 0), 
hence the two lines are not parallel and will intersect 
showing us a unique solution can exist. Thabo 
lacked this argument. 
In Item 2b, PMTs with a process understanding 
of the application of Cramer’s rule and meaning of 
the solution would perform the necessary 
manipulations on the determinant of the coefficient 
matrix to determine the type of system. From the 
analysis of written responses, 19 PMTs showed lack 
of equation schema, thus some did not attempt the 
question and others provided incorrect responses. 
The findings showed that these PMTs could not have 
constructed the understanding of different types of 
systems and meaning of the solution set. The results 
further revealed that PMTs with the process or 
object conception of Item 2a managed to solve 2b as 
expected. They understood that the determinant of 
zero makes the system inconsistent, since division 
by zero is undefined. 
The interview below showed that only when 
connection between concepts are made then 
















Extract 8 Interview response to Item 2b 
 
Zinhle reflected on her school knowledge of 
analytic geometry and related it to the procedures 
needed in the application of Cramer’s rule, to 
develop her understanding of the meaning of her 
solution. She has internalised procedures associated 
with Cramer’s rule and coordinated the process of 
division and of evaluating the determinant to 
construct a new process of evaluating the type of 
system. Moreover, in Extract 8, we observe that she 
displayed a coherent understanding of collection 
rules and application of such rules in constructing a 
meaningful understanding of the concepts. 
These findings are included in the GD 
formulated and presented in the recommendations 
section. Thabo also showed the object-conception of 
the solution set. He performed actions and processes 
to transform the |𝐷| = 2𝑘 − 1 to determine the 
value of k. From the interview response below, we 
observe that Thabo determined the conditions of 
application of Cramer’s rule, the conditions of 
  
Researcher: Using Cramer’s rule how would you tell if the system has a solution or not? 
Thabo: If the determinant of the coefficient is not equal to zero. 
Researcher: How do you know? 
Thabo: The solution must certify the system of equations; these equations have a negative slop and positive 
y-intercepts. If you can think about it, they are more likely to intersect in the first quadrant and as you can 
see, both my solutions are positive. Again, I can substitute the solution into the system to confirm. 
Researcher: How would you represent your solution graphically? 
Thabo: With Ks, I cannot do it exactly, but if you think about it, these are two straight lines with one solution, 
so there will be two straight lines intersecting at one point on the first quadrant. Both these equations have a 
negative slope. 
Researcher: Why did you use 2k-1 to solve for k, and not the other determinants? 
Zinhle: 2k-1 is determinant of the coefficient and using the formula to solve for unknowns here x and y it is a 
denominator. Obviously, from lower grades, we know that if you take a number and divide by zero, you are 
going to get an undefined answer. So, I took 2k - 1 to find the value of k that will make the denominator zero, 
and if the denominator is zero, the answer will be undefined; and if it’s undefined, that means the solution 
does not exist. 
Researcher: If k = 
𝟏
𝟐
 the system is inconsistent? So graphically, how would an inconsistent system look 
like? You can draw a rough sketch. 
Zinhle: Hmm … if k =  
1
2
 , look here [writing the equation in the form of y = mx + c], will have the same 
gradient. I know that from school that straight lines with the same gradient are parallel to each other and so 
no solution. 
10 Ndlovu, Brijlall 
consistent and inconsistent system of linear equation 
in relation to Cramer’s rule, and used it to construct 
the understanding of the solution of the system of 
equations and the algorithms used to solve it. In 
addition, we observe in Extract 9 that he showed 
conceptual understanding of other related 
algorithms that could be used in relation to Cramer’s 













Extract 9 Interview response to Item 2b 
 
Discussion 
The purpose of this research was to explore PMTs’ 
mental constructions of the application of Cramer’s 
rule to solve a system of linear equations with 
parametric coefficients. APOS analysis allowed 
researchers to understand and explain the level at 
which pre-service teachers were operating with 
regard to the solution of system using Cramer’s rule. 
This study has therefore contributed to the 
application of APOS theory in this topic, which has 
not been done before. Our analysis shows how 
APOS theory can be used in making conclusions at 
the level of conception that the PMTs were. The 
analysis of the data has helped us identify significant 
areas which need consideration, and therefore has 
serious pedagogical implications internationally, as 
Cramer’s rule is taught in all standard Mathematics 
courses throughout the world. This topic is 
fundamental to any undergraduate studies for 
students entering the fields of engineering, 
commerce and medicine. These fields of expertise 
have strong relevant bearing for rapid economic 
growth in emerging economies like South Africa. It 
is found that besides natural resources, human 
resources are highly necessary for economic 
development in emerging nations (Anderson & 
Strutt, 2013). The findings in our study showed that 
many PMTs had an action-conception of Cramer’s 
rule, and the meaning of the solution of a system of 
equations. Furthermore, PMTs who had the action-
conception in Item 1 displayed the action conception 
in all the items, indicating that they had constructed 
a procedural knowledge of the algorithm. Therefore, 
for such PMTs, the instructions should be aimed at 
helping them interiorise the procedures using a 
concrete system of equations, before introducing 
parametric equations. 
As literature states, prerequisite knowledge 
plays an important role in the construction of new 
knowledge (Bansilal, Brijlall & Trigueros, 2017; 
Ndlovu & Brijlall, 2015:12, 2016:150; Trigueros et 
al., 2007). It was evident from the results that the 
lack of prerequisite knowledge impacted negatively 
on PMTs’ understanding of Cramer’s rule, and the 
meaning of the solution. For example, the lack of 
basic algebra, real number system and 
understanding of the order of the system, caused 
difficulties in the respondents’ attempts to explain 
the type of system that could be solved using 
Cramer’s rule. The findings concur with Cutz and 
Kantún (2005), who identified the lack of 
understanding of related concepts as the main cause 
of the difficulties students have with conceptualising 
the system of equations. It was evident that for many 
PMTs, the rule was instrumentally understood and 
therefore, it hindered the determination of the 
solution of the system and constructing the meaning 
of the solution. Thus, for some PMTs, the meaning 
of a solution is constructed in terms of numerals. 
Therefore, they struggle to solve parametric 
equations. The results further revealed that when 
concepts are understood as isolated facts, they delay 
the development of the required schemata. In this 
case, the variable schema, equation schema, as well 
as meaning of the type of system schema, are 
necessary for the development of the meaning of the 
solution of a system and the application of the 
Cramer’s rule schema. However, the results showed 
that for many PMTs, the connection between these 
concepts has not developed. The findings above 
have immense pedagogical implications, as they 
show a PMT’s understanding of the solution of 
system of equations using Cramer’s rule is at surface 
level. It is therefore imperative to use alternative 
teaching strategies to assist students to conceptualise 
the concepts. 
 
Conclusion and Recommendations 
To answer our research questions, it was evident that 
the difficulties students have with the application of 
Cramer’s rule were caused by the lack of previous 
construction needed in the development of the 
concepts. To this end, the lack of determinant, 
function, understanding parameters and the lack of a 
Researcher: Why did you use 2k - 1 to solve for k? 
Thabo: When solving the system using Cramer’s rule, the key is in determining the determinant, because it is 
the determinant that will tell you if the solution exists or not. 
Researcher: Why do you say so? 
Thabo: In the whole process of solving the system using Cramer’s, we divide by the determinant of the 
coefficient, so if it’s zero, it means the solution does not exist. If the solution does not exist, it means the system 
is inconsistent. So, finding the value of that makes the system inconsistent. I had to find the value of k [and] 
give [the] determinant of zero. 
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matrix schema all impacted negatively in the 
knowledge construction of Cramer’s rule and 
solution system. Secondly, Cramer’s rule is an 
algorithm used to solve a system of linear equations, 
therefore, if the meaning of the solution set is not 
constructed, it will affect students’ construction of 
the rule. Thirdly, memorisation of algorithms caused 
students to fail to interiorise actions into the process 
and to encapsulate process into objects, thus failing 
to conceptualise the taught concepts. What was more 
noticeable in the students’ responses was that, for 
many students, the reasoning about Cramer’s rule is 
concrete. They can only solve the system with 
numerals as coefficients and that their thinking of 
the solution set is associated with numerals only. It 
was further noticeable that PMTs whose conception 
was limited to an action level, could not interiorise 
the action into process and encapsulate to an object. 
Thus, most pre-service teachers could not construct 
the schema of the solution of system of equations. 
The tasks used to understand the mental 
construction of the application of Cramer’s rule did 
not include the object understanding of the 
algorithm. We therefore recommend further 
research focusing on mental constructions of 
Cramer’s rule. Within this focus the prerequisite 
knowledge for this topic needs to borne in mind (see 
Figure 1). Understanding mental constructions of 
the algorithms would possibly explain the reasons 
for the difficulty displayed by many PMTs with the 
meaning of the solution. To contribute to the 
pedagogy of the solution of system of equations 
using Cramer’s rule, the researchers provide the 
genetic decomposition (see Figure 2) that could be 
used by teacher educators to analyse students’ 
mental constructions of these concepts before 
deciding on any instructional strategies. As pointed 
out in the literature, analysing students’ difficulties 
by means of research, it is necessary for planning 
alternative teaching strategies (Dubinsky, 1997). 
With this in mind, the researchers design a genetic 
decomposition for a possible solution for a system 
of equations and Cramer’s rule as contribution to 



































Figure 1 Prerequisite knowledge for solution of system of equations using Cramer’s rule 
  
























































Figure 2 The Genetic decomposition of the solution of system of equation using Cramer’s rule 
 
Authors’ Contributions 
ZN proposed the study and collected the data. DB 
and ZN carried out the analysis and ZN proposed the 
initial genetic decomposition and DB refined the 
genetic decomposition. ZN was the corresponding 
author. 
Action (External cues/physical repeated action) 
Given a system of equation: 
• Action to identify the order of the system and represent it as coefficient matrix 
• Action of applying Cramer’s rule to determine the solution of a system of equations 
• Action of constructing the matrix system 
These actions are repeated for different system of equations: 
• Actions of evaluating values for parametric coefficient, determining consistent and inconsistent solution 
These actions will be done in equations where constants are parameters. 
 
 
Interiorised into a 
Process (Actions mentally performed) 
• The process of constructing an augmented and coefficient matrix is interiorised as the student does it 
mentally. In this case, the student thinks about an augmented matrix as a representation of the system. 
• The action of constructing the coefficient matrix is interiorised, so that it is possible to consider the 
order of the system. In this case, the student can think about the possibility of applying Cramer’s rule 
to determine the solution of a system and explaining the type of system and number of solutions the 
system has. 
• The action of applying Cramer’s rule is interiorised when the individual begins to think about the 
properties of the algorithm in relation to other conceptions, e.g. determinant, solution set, order of 
the system, etc. 
• The application of Cramer’s rule and evaluation of the determinant are coordinated into a process 
that takes the intersection of solution sets of n x n equations. 
• The process of determining the determinant is coordinated with the process of the type of system of 
equations into a new process of solution set. 
• The construction of the coefficient matrix is coordinated with the evaluation of determinant and 
application of Cramer’s rule to determine the solution of two or more system of equations. 
• The process of parametric equations is coordinated with constructions of solution set to construct 
meaning of the solution in its abstract form. 
 
 
Encapsulate into an 
Object (Advanced techniques) 
• Consider [A] (determinant of a coefficient matrix) as a static structure into which certain actions and 
processes can be applied, to determine consistent and inconsistent systems of linear equations. 
• Compare the system of linear equations to the type of solution it will generate. It is then possible for 
a student to identify other algorithms that can be used to solve the system other than Cramer’s rule.  
• The process of application of Cramer’s rule to determine the solution is encapsulated in the solution 
set of a system of linear equations, and makes it possible to multi-represent the solution. 
• The solution set is encapsulated as an object when the individual can relate it to the system of linear 
equations and its geometric representation.  
• Apply action to internalised process of Cramer’s rule. 
• Compare Cramer’s rule to the other algorithms. 
• See Cramer’s rule as totality and apply actions/process on this totality. 
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Notes 
i. In the student solution, it is represented as |𝐷|. 
ii. Published under a Creative Commons Attribution 
Licence. 
iii. DATES: Received: 13 July 2017; Revised: 21 July 2018; 
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